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XY. A Letter from the Rev. Patrick Mur-
docke, F. R. §. concerning the mean Motion
of the Moon’s Apogee, 20 the Rev. Dr.
Robert Smith, Mafler of Trinity College
Cambridge.

Reverend Sir,

Read Jan. 3. Y AST fummer, when I was to pay

1750 my refpeéts to you at Trinity Col-
lege, I gave you fome account of the warm difpute,
then lately arifen between Mr. de Buffon and Mr.
Clairaut, two eminent academicians at Paris; the
latter pretending, that the Newtonian law of attrac-
tion is inconfiftent with the motion of the moon’s
apogee; and that its quantity ought not to be ex

prefled by  of the diftance, but by two, or perhaps
more, terms of a fcries,.as‘;l; + ;7 Which new doc-
erine Mr. Clairaut had got inferted in the memoirs
of the academy, and Mr. de Buffon had followed him
clofe with another meinoir, confuting it.

When I firft heard of this controverfy, it was im-
pofiible to judge of the validity of Mr. Clairaut’s rea-

fons, becaufe he kept his calculus a profound fecret.

But an abfurd confequence of his new law of attrac-
tion occurr'd to me, as foon as Mr. de Buffon men-
tion’d the thing, that, “-if we fhould put the at-
“ tra&tion, exprefs'd by his two terms, of an affumed
“ quantity G, and refolve the equation, there would

4 “ neceflarily
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“ neceflarily arife two different values of the diftance
“ x, for the fame attracive force.”

Sufpecting therefore, that fome error muft have
flipt into Mr. Clairaut’s reafonings (as he himfelf
afterwards found there had)" I refolved to try, whe-
ther, by an arithmetical calculation, from Sir Ifaac
Newton’s propofitions only, the motion in queftion
might not be accounted for.

The refult of this inquiry I fhould have taken the
liberty to fend you before now, but that, other things
intervening, I did not think of revifing and tran-
feribing it, till lately; that Mr. Walmefley having
made me a prefent of his ingenious treatife on the
fame fubje®, it appedrs, that, however Mr. Clairaut’s
hypothefis is given up, yet a notion ftill prevails, as if
Sir Ifaac Newton’s propofitions, concerning the mo-
tion of apfids, were mere mathematical fictions, not
applicable to nature.

How far I have fucceeded in.{hewing the contrary,
s now, fubmitted to your judgment. And I, at the
fame time, embrace, with pleafure, an opportunity

of profefling myfelf, with the higheft refpect,
Reverend Sir,
Sradifhall, 6 April,
k250 Your moft obliged, and

moft obedient humble {ervant,
Pat. Murdocke.

Of
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Of the mean motion of the moon’s apogee, accord-
ing to Sir Ifaac Newton.

- 'The rule given by Sir ffaac Newton, in the 9 fetion
of his firft book, is to this purpofe: Tab. Fig. 3.

1. That, fuppofing the common law of attraction,
andthat a central body 7 attrals the body P, revoiving
round it in an orbit nearly circular, with a force as
unity ; if to this be added a conftant furce, whofe
ratio to the former is exprefied by ¢; . then the angu-
lar velocity of the body P, in-an immoveabic plane,
will be to its angular velocity, reckoned from the
apfis of its orbit, in the fubduplicate ratio of 1-}-¢ to

1+44¢, oras 4 ’i‘ to unity. And therefore, if 4

14-4¢
reprefents any arc defcribed by the revolving body in

an immoveable plane, 4 x / gi:f will be the cor-
refponding arc in its orbit, reckon’d from the apfs.
And their difference A x ;I-}::-;‘—" —1, will be the

grefs of the apfis. :

But if the force of the central body T is diminithed
by fome conftant force as ¢, then the fign-of ¢ is
changed in thefe expreffions ; and the direct motion

ofthe affs'willbe Ax1— p/ 14

I—¢
2. And hence, if fome foreign variable force, added
to, or {ubtracted from, the central force of attra&tion,
produces a given motion of the apfis, retrograde or
direct; it is eafy to find a conftant force as ¢, which
fhould produce the fame motion.

3. Let



[ 65 ]

3. Let S reprefent the {un, at an immenfe diftance,
T the earth (fuppofed, for the prefent, atreft) P the
moon’s place in her orbit ADABC, in which C, D,
are the quadratures, 4, B, the fyzygies: then if PK,
parallel to 4B, and cutting 7C in K, be produced
till: KL is double of PK; and LM parallel to PT
meet AB produced in M; LM and MT will repre-
fent the difturbing forces of the fun, by which the
moon is urged in-the direGtions PT, M7, See Prin-
cip. lib. i, prop. 66. and lib. iii. prop. 25, 26.

And if TR is made perpendicular to LM, the
force MT fthall be refolved into two forces as R7T
and MR; whereof the latter, MR, taken from LM,
reduces the difturbing force, in the direion PT,
to their difference LR.

4. Put now PT (=LM)=1; PK, the fine of the
arc P(=s: and then TM (=PL=3s): MR::1:s;
that is MR=3s", ani LR, the difturbing force in
the direéion PT, isas 1—3s*

When Cp, the moon’s diftance from the quadra-
ture, is an arc of 34° 14 52% in which cafe 1—
33*=o0, / and r coincide; and the difturbing force
vanithing, the line of the ap/ids becomes ftationary.

But if the moon’s diftance from her quadrature is
ftill greater, as at 7, then pp exceeds ua ; and their
difference 2p is a force reprefented by —i1—3s, alt-
ing in the dire&ion T7z. This force, at the fyzygies,
is double of 7C.

5. Whence, and from § 1, it follows; that ¢ be-
ing the fun’s ditturbing force, in the dire¢tion C7, at
the quadrature; at any other point, as P, it will
be + ¢ x 1—3s* And that writing for ¢ the variable
quantity ¢ X 1—3s*, and /II for the fluxion of the

arc
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e
arc C'P, the fluent of £x // 1‘-’-'-?'2‘-;‘;3;; will give
te x 1——3s?
the motions of the apfs.

6. The quantity ¢ being 5327 of the earth’s
mean attractive force at the moon ; by computing, as
above, it will be found, that while the moon moves
from C to p, through an arc of 35° 15" 52", the to-
tal regrefs of the ap/is is to the arc Cp as 005404
(=n) to unity: and that the fum of its diret mo-
tions, while the moon moves from p to 4, is to the
arc pA as.o105707 (=N) to unity,

It will be found likewife, by the inverfe operation
hinted in § 2, that putting £=.00362552, and K=
0069611 ; +£ and — K are forces, which acting con-
ftantly, the one from C to p, the other from p to 4,
would produce the fame motions of the apfis.

. 'The quantities Z and K might have been found,
pretty near the truth, only by fumming the ordinates
1L R, or 1—3s*, upon the arc 4: in which cafe we
fhould have had 2=1¢ x.648869 = .00370925, and
K=¢x1.24018 =.006939: and the motions thence
computed would not have been much different from
their juft quantity. This however is mentioned, not
as if the methed itfelf were fufficiently exa&; but to
thew, that if| hereafter, in cafes, where the limits of
the forces are incomparably narrower, we fhall, in-
ftead of fumming the momenta, make ufe of a mean
force determined in a like manner, there is no fenfible
error to be apprehended.

8. Hitherto we have confidered the body 7, round
which P revolves, as quiefcent; and it is thus authors

have always confidered it: altho’ the cafe in nature,
to
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to which they meant to apply Sir Ifaac Newton's ryle,
is widely different. The earth and moon revolve
about their common centre of gravity : their diftances
from which being inverfely as their maffes, and the
forces, by which either is attracted by the other, as
alfo the forces of the fun to difturb their motions,
being in the fame ratio; it follows, that the earth in
her motion round the common centre of gravity will
fuffer difturbances every way fimilar to thofe of the
moon. And the whole motion of the apfis of the
moon’s orbit, refulting from the two difturbing forces;
will be near the double of what either of them could
produce feparately, round a fix’d centre *,

9. To

® << Quatenys terra et luna circum commune gravitatis centrum
¢ revolvuntur, perturbabitur etiam motus terre circa centrum illud
¢ a viribus confimilibus 3 fed fummas tam viriam quam motuum re-
€ ferre licet ad lunam.” ~Princip. p. 429.

And p. 141. Apfis lunz ¢ft duplo vélacior circiter : but this has
been ftrangely miftaken, as if the author having revifed and printed
his gth fection a third time, and above forty years after it was in~-
vented, fhould, after all, own, that it fignified nothing to his pur-
pofe. Would this be the ni/ molitur inepte, fo juftly applied tp
Newton? ' _

See likewifey p. 423 ; where having deduced the motion of the
apfids of Jupiter’s fatellites from that of our moon’s, he adds,
¢ Diminui tamen debet motus augis fic invemtus in ratione 5 ad gy
¢ wel 1 ad 2, circiter, ob caufam, quam bic exponere non vacat.”

The reafon is not, that the orbits of Jupiter’s moons are lefs ex-
«centric than that of ours, as fome have imagined ; for, ¢ augends
“¢ wel diminuendo excentricitatem et inclinationem orbis, non matatur
¢ motus augis fenfibiliter, nifi ubi exdem funt wimis magney” p. 180s
Is it not rather, becaufe the aion of the feveral fatellites upon their
primary and upon one anothér, in all the poffible variety of direc~
tions, reduces the cafe of any particular fatellite to that of a fingle
body revolving round a fix’d centre, viz. that of Jupiter’s fy&em%

12
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9. To determine which, we may conceive the earth
as revolving in an orbit that is already in motion from
the fun’s difturbing force upon the moon: the retro-
,%rade motion of the orbit, while the earth moves
from C to p, being #x Cp; and the dire&t motion,
for the reft of the quadrant, being Nx p 4; whence
it will follow, that the difturbing force =#% affets
the earth’s motion thro’ an arc of her orbit equal to
Cpx1¥Fn; and the force — K alts thro’ the arc
pAxT4EN." And the motions of the apfis being in
the fame ratio’s, if r is the regrefs of the apfis of the
moon’s orbit (determined as in §6) and p its pro-
grefs ; the regrefs of the apfis of the earth’s orbit will
be 7 x 1= », and its diret motion, p x 7T—=N. That
is, the whole motions of the apfs, refulting from the
fun’s action upon the earth and moon together, will
be (R=) rx24n, and (P=) px2—N; and the
motions to be afcribed to either arc, 7 x 157, and
P X T1—IN.

Now p, found as above, being 2082".9. and N=
0105707, P'is 4143".8. And the fame way, R=
1375"7 : whofe difference P—R multiplied by 4,
that is, 4.x 2768"=11072"=3° 4’ 32", is the direct
motion of the apfis in a revolution.

Firft corretion for the moon’s variation. Fig. 4.

10. In the foregoing calculation, it is fuppofed, that
the moon’s orbit is nearly circular, more nearly in-
deed than it poffibly can be, even abftradting from
its excentricity. For altho’ the moon had been pro-
jected with a dire&ion and force to make her de-

fcribe
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feribe a circle round the earth, as EOL, the attion
of the fun would have changed this orbit into an
oval, as O04DBC; whofe greateft diameter, paffing
thro’ the quadratures CD, isto the leaft as 705 to
69+ Thereafon and determination of which we
have in Princip. lib. iii. prop. 26, 28.

11. That this action of the fun, and the figure re-
fulting from it, muft leflen the mean motion of the
apogee, is eafily fhewn. .

For let P be the moon’s place in her orbit, when
the apfis is ftationary, and EOL the circle of her
mean motion, cutting the orbit very near the octant
O, and PTin o : then, the accelerating forces of the
earth at P and o, being inverfely as the fquares of
PT and oT, and the fun’s difturbing force at the
points P,o, being in the fimple dire& ratio of the
fame lines; o T being given, the ratio of the fun’s
difturbing force at the point P, to the earth’s accele-
rating force at the fame point, that is, the quantity ¢
in the theorem, will be as the cube of the diftance
PT : and, 4 fortiori, in every point of the orbit,
from the quadrature C to P, will exceed the mean
force at O, and its effe&t in producing a retrograde
motion of the apfis will be greater.

For the remaining part of the quadrant, where
the motion of the ap/fis is dire&, the force ¢ is indeed
greater than its mean quantity from P to O; but,
thro’ the whole oftant O/, it is continually de-
creafing as the cube of the diftance from T": whence,
upon the whole, that force, and its effe®, from P
to A, fall thort of their mean quantities at O, Seein
therefore the dire® motion is diminithed, and the re-
trograde increafed; their difference, that is, the déi:,

re
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ret motion in the quadrant CP A4 will be di-
minithed.

But this mean motion will be diminithed fomewhat
likewife from the inequable defcription of the areas
(in prop. 26. /lib. iii.): on which account, the cubes
of the diftance P7 muft be every where increafed
or diminifhed in the duplicate 7atio of the moments
of time in which a given little angle is defcribed, to
the mean moment at the o&ant *,

12. By computing from thefe principles, it will
be found;

1. That the angle CT P, which was of 35° 14
52" in the circle, will, in the oval orbit, be dimi-
nithed to 34° 43’ 34"

2. That the ratio of the mean of the cubes of the
moon’s diftances in the arc CP, to the cube of the
mean diftance, will be exprefs'd by 1.023916 (=g)

and

* To exprefs the diftance PT by s the fine of the angle CTP,
in an ellipfis not very eccentric : from any point P draw PK an
ordinate to the axis CD, and meeting the circumfcribed circle in
M ; draw likewife A f perpendicular to TP produced. Then put-

ting 70=1, T4=d, 2% ==t ; by conjoining the ratio’s of TP

to P, PK to PM, PM 10 Bf, itwill be TP=—L : in which

for the variable numerator 7 f, we might, becaufe of the fmallnefs
of the angle PTM, write unity : but taking it rather of its mean
quantity 7 (==.99998% in the moon’s orbit) the diftances, whofe
m .
I|-t5*
And the ratio of the moments of time to the mean moment is
that of 110,23 to 109.73-«s? by prop. 26, libu iii,

cubes are to be fummed, will be
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and the like ratio, in the arc P4, by 9852467
=h).

( 3? Multiplying therefore the forces Z and —K,
found in § 6, by g and by 4, fubftituting the produts
for ¢, in the formula, with the arcs CN, and NG,
refpettively, and finithing the operation as for the
circle, the regrefs, in a periodical month, will be
55483, and the progrefs 16489".8: whofe dif-
ference is the drie€t mean motion fought, 3° 21"
2’z

13. But nearly the fame conclufion may be ob-
tained, and with much lefs trouble; as follows ;

In the circle CGD; take CM=35° 15 52/, and
thro’ P, the point where MK perpendicular to 7T,
cuts the orbit, draw 7PN meeting the circle in IV,
Then, if 15__1_%_ the regrefs of the apfis in a circular

orbit, R x%\ﬂ% will be the regrefs in the oval CP,

In like manner, having infcribed in the orbit, the

circle 4mb, and made a fimilar conftruion for the
Am|,

reft of the quadrant me £, will be the direct mo-
tion in the oval, P being the dire&t motion in a
circle. ,

Thus, the angle of variation MIN being (in Dr,
Halley’s tables) 33" 9", the fubduplicate ratio of CM
to CNV will be 1.007927, and that of Am to A4h, or
of GM to GN, willbe .99499. And therefore R (in
§ 9) will be augmented to 1386.6, and P diminith’d
to 4123": whofe difference, multiplied by 4, gives
3° 2! 25"%; exceeding the former only by about 4",

14. The



[ 72 ]

14. The rule is founded in this, that if, from the
centre 7, a circular arc Ff be defcribed, including in
the angle CTN the feCor F7f, equal to the elliptic
feGor CTP, the cube of TF, the radius of this cir-
cle, may be taken for the mean of the cubes of the
moon’s diftances in the arc CP. And becaufe the
area CPT is to the feGtor CMT, as PK to KM, or
as TA to TC; and T o or TE is a geometrical mean
between T4 and 7C, it will eafily appear, that
TF3:To%::CM2:CN$. And that P, found from
the tables, being (nearly at leaft) the ftationary point
in the oval, if the force £ is increafed in the fefquipli-
cate ratio of CMto CN, and the arc CN fubftituted
for A in the formula, we fhall, by § 1, find the retro-
grade motion of the ap/s. :

Now, when the conftant force 4% is given, the
regrefs R is as the arc 4; and when A is given, and
£ is but a little augmented, R is proportional to £ :
in general therefore, if 4 is but a little augmented, R
is as £x 4. Write  for the regrefs in the oval, R
ftanding for that in the circle, already found; and it

willbe Q:R:: kx g{\"f CN': kxCM, or Q=R x
g%{-, according to the rule. The like reafoning for

the direG motion.
Second correion for the Excentricity. Fig. 5.

15. 'This equation is inconfiderable ; becaufe, altho’
the ratio of the difturbing force, when the moon is
ata greater than her mean diftance, is more increafed
than it is diminifhed in the oppofite points of gxer

orbit;
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orbit ; this increafe is very near compenfated by the
comparative {fmallnefs of the angular velocity.

Let ADa reprefent the moon’s elliptic orbit,
whofe centre is C, its axes Az, Dd, the mean excen-
tricity C7, and the circle of her mean motion M Dmd,
cutting Azin Mand m. Then, becaufeit is a mean
motion we feek, generated while the axis 44 pafles
thro’ all its different afpets of the fun; we may con-
ceive the direct motion already found, of 3° 2’ 21",
to be produced by a conftant difturbing force —K, act-
ing on the moon as fhe revolves in her circular orbit
MDmd ; and we have only to enquire, how much this
force, and its effects, are to be increafed, the moon
really moving about the fame centre 7, in the ellip-
tic arc 4D ; and how much diminithed in the arc
Da.

16. For which purpofe, the conftant force k isto be
increafed in the ratio of the mean of the cubes of
the moon’s diftances, in the arc 4D, to the cube of
ID or CA, and diminithed as the mean of the cubes
of the diftances in Da. Let the forces refulting be
K x G and k¢ x H; and thefe being fubftituted in
the formula, with the arcs 2 DM, 2 Dm, refpectively,
the fum of the motions found will be the whole
mean motion of the apogee, including the correion
for the excentricity.

Now & will be found to be .00 557337, and the ex-
centricity TCbeing .05505,and § the quadrantal arcto
radius 1; the ratio G, or, which is the fame, the fefqui-
plicate of the time, in which the elliptic arc 4D is de~
{cribed, to the time in the circular arc’ DM, that is,

%—)—tj%'gl% will be 1.110942; and H (=%A"Tf%

K ==
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=.9001387 : whence the whole motion, found as
above direfted, will be 10962" =32 2' 42" ; the
correction, on account of the excentricity, being
only 21", _

Multiply 3° 2’ 42" by 1.080843, and the pro-
du& 3° 17’ 28" is the mean motion of the apogee,
in a fynodical month ;. exceeding the quantity marked
in the tables by no more than 4/.

17.Of the obliquity of the moon’s orbit, to the plane
of the ecliptic, we take no notice: becaufe, altho’,
abfolutely fpeaking, a force in that plane, referred to
the moon’s orbit, would, thence, be diminifh’d by
about & parts; yet, in the prefent cafe, the effe&t
of the obliquity is included in the firft determination
of the quantity ¢, from the periodical times of the
earth and moon; all but what belongs to the cor-
rections ; and which is only 110".x003=0".33, to be
fubtradted,

18. The force ¢ is, itfelf, the effe& of the fun’s
parallax, and the total effect ; excepting only a {fmall
difference between his action on the moon, when the
is waxing or waning, and when fhe is in the other
half of her orbit; neglected as altogether inconfider-
able.

Upon the whole, we may conclude, that, in this,
as in the other phznomena of the celeftial motions,
the principles and rules of Sir Ifaac Newton are fully
confirmed and verified.

XII.
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